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Abstract. Brenti conjectured that, for any finite Coxeter group, the descent
generating polynomial has only real zeros, and he left the type D case open.
Dilks, Petersen, and Stembridge proposed a companion conjecture, which
states that, for any irreducible finite Weyl group, the affine descent gener-
ating polynomial has only real zeros, and they left the type B and type D
cases open. By developing the theory of s-Eulerian polynomials, Savage and
Visontai confirmed the type D case of the former conjecture and the type B
case of the latter conjecture. In this paper, we give an analytic approach to
these two combinatorial conjectures. In particular, based on the Hermite—
Biehler theorem and the theory of linear transformations preserving Hurwitz
stability, we obtain the Hurwitz stability of certain polynomials related to
the descent generating polynomials of type D, and thus give an alternative
proof of Savage and Visontai’s results. This new approach also enables us to
prove Hyatt’s conjectures on the interlacing property of half Eulerian poly-
nomials of type B and type D, and to prove that the h-polynomial of certain
subcomplexes of Coxeter complexes of type D has only real zeros. We fur-
ther study the Hurwitz stability of certain polynomials related to the affine
descent generating polynomials of type D, and completely confirm Dilks,
Petersen, and Stembridge’s conjecture.
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1 Introduction

Let &, denote the set of permutations of [n] = {1,2,...,n}. For o =
(01,02,...,0,) € &, let

Des(o)={ie€n—1]:0, > 0441}

denote the set of descents of o, and let des (o) = |Des(¢)|. The Eulerian
polynomials S, (z) are usually defined as the descent generating function
over G,,, namely,

Sn(z) = Z ydes (o),

O'EGTL

These polynomials are not only of interest in combinatorics, but also of sig-
nificance in geometry, see [30]. For example, the coefficients of Eulerian
polynomials can be interpreted as the h-vectors of the Coxeter complexes of
type A, or as the even Betti numbers of certain toric varieties, see [20, 33, 35].

There are many interesting generalizations of Eulerian polynomials, see
(14, 19, 26, 32, 38] and references therein. In this paper, we focus on the
study of descent generating polynomials for finite Coxeter groups [14] and
affine descent generating polynomials for irreducible finite Weyl groups [19].
The combinatorial aspects and geometric aspects of these polynomials have
been extensively studied. Here we will explore their analytic aspects. Frobe-
nius [21] first showed that the classical Eulerian polynomials have only real
zeros. Brenti [14] conjectured that the descent generating polynomial for ev-
ery finite Coxeter group has only real zeros. Dilks, Petersen, and Stembridge
[19] conjectured that the affine descent generating polynomial for every irre-
ducible finite Weyl group has only real zeros. Various examples, techniques
and developments on unimodality, log-concavity, and real-rootedness in com-
binatorics can be found in [11, 12, 13, 28, 34]. The main objective of this
paper is to use the Hermite-Biehler theorem to study Brenti’s conjecture as
well as Dilks, Petersen, and Stembridge’s conjecture.

Let us first give an overview of Brenti’s conjecture and Dilks, Petersen,
and Stembridge’s conjecture. We assume that the reader is familiar with
Coxeter groups and root systems, see [5, 24]. Let W be a finite Coxeter
group generated by {s1, $2,...,8,}. The length of each o € W is defined as
the number of generators in one of its reduced expressions, denoted /(o). We
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say that 7 is a descent of o if {(0s;) < €(0). Let Des (o) denote the descent
set of o, and let des(o) = |Des (0)| denote the descent number. Let W(z)
denote the descent generating polynomial of W, namely,

W(z) = szes(”).

ceW

In a geometric context, this polynomial is also the h-polynomial of the Cox-
eter complex of W, for more information see [36, 37]. We use A,(z) (resp.
B,(2), Cy(2) or D,(z)) to represent W(z) when W is of type A, (resp. By,
C,, or D,). Note that the polynomial A,(z) is just the classical Eulerian
polynomial S, (z). The following result was conjectured by Brenti [14] and
then proved by Savage and Visontai [32].

Theorem 1.1 ([32, Theorem 3.15]). For any finite Cozeter group W, the
descent generating polynomial W (z) has only real zeros.

Dilks, Petersen, and Stembridge [19] proposed a companion conjecture
to Brenti’s conjecture. Suppose that W is an irreducible finite Weyl group
generated by {si,s2,...,8,}. Let so be the reflection corresponding to the
highest root. For each o € W, we say that 7 is an affine descent of o if either
i € Des (o) for 1 <i<n,ori=0and{(osy) > (o). Let Des (o) denote the
set of affine descents of o, and let des (o) = |]5ves (0)]. It is worth mentioning
that the affine descents were first introduced by Cellini [15] for finite Weyl
groups, for further developments see [16, 17, 22, 27, 29]. Analogous to the
definition of W (z), let W(z) to be the affine descent generating polynomial
of W, namely

W(z) = szzs(").

ceEW

Similarly, we use A,(z) (resp. Bu(z), Cu(z) or D,(z)) to represent W(z)
when W is of type A, (resp. B,, C,, or D,,). Dilks, Petersen, and Stembridge
obtained many interesting properties of W(z), such as a connection with the
h-polynomial of the reduced Steinberg torus. They also showed that the
affine Eulerian polynomials have unimodal coefficients. Furthermore, Dilks,
Petersen, and Stembridge proposed the following conjecture.

Conjecture 1.2 ([19, Conjecture 4.1]). For any irreducible finite Weyl group

W, the affine Eulerian polynomial W (z) has only real zeros.
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Dilks, Petersen, and Stembridge [19] remarked that the affine descent
generating polynomials ;In(z) and én(z) are both multiples of the classical
Eulerian polynomial S, (z) and hence the above conjecture is true for the
groups of type A and C, see also [22, 29]. They also computed the affine
Eulerian polynomials for all the exceptional groups [19, Table 1], and checked
that the above conjecture also holds for these groups. Dilks, Petersen, and
Stembridge [19] left the type B and type D cases open. Savage and Visontai’s
novel approach to Brenti’s conjecture also enables them to settle the above
conjecture for the groups of type B.

In Section 2 we shall give a brief overview of Savage and Visontai’s ap-
proach to Brenti’s conjecture and Dilks, Petersen, and Stembridge’s con-
jecture. One can see that the notion of interlacing polynomials plays an
important role in their work. Given two real-rooted polynomials f(z) and
g(z) with positive leading coefficients, let {r;} be the set of zeros of f(z)
and {s;} the set of zeros of g(z). We say that g(z) interlaces f(z), denoted

9(2) = f(z), if deg f(z) = deg g(z) or deg f(z) = deg g(z) + 1, and

e S8y STy < s ST
Savage and Visontai [32] obtained the following result.

Theorem 1.3. Both D,(z) and B,(z) have only real zeros. Moreover, there
holds

D, (z) 2 Bu(2).

This paper was motivated by understanding Theorem 1.3 from the view-
point of the Hermite—Biehler theorem, a basic result in the Routh—Hurwitz
theory [31]. Before stating the Hermite—Biehler theorem, let us first recall
some related definitions and notations. Let C denote the field of complex
numbers, and let C[z] denote the set of all polynomials in z with complex
coefficients. A polynomial f(z) € C[z] is said to be Hurwitz stable (respec-
tively, weakly Hurwitz stable) if p(z) # 0 whenever Rez > 0 (respectively,
Re, z > 0), where Re z denotes the real part of z. A useful criterion for de-
termining stability was given by Hurwitz [25], which we shall explain below.



Given a polynomial p(z) = Y _, a,—x2", for any 1 <k < n let

ay az as ... Qagk—1
apg QAo QA4 ... Q2—2
0 ay as ... Qor_3
A = det
k(p> 0 ag Qa2 ... Qk—yr
0 0 0 ... a

kxk
These determinants are known as the Hurwitz determinants of p(z). Hurwitz

showed that the stability of p(z) is uniquely determined by the signs of Ay (p).

Theorem 1.4 ([25]). Suppose that p(z) = _, an—kz" is a real polynomial
with ag > 0. Then p(z) is Hurwitz stable if and only if the corresponding
Hurwitz determinants Ag(p) > 0 for any 1 < k < n.

The above result is usually called the Routh-Hurwitz stability criterion
since it is equivalent to the Routh test, for more historical background see
[31, p. 393].

Suppose that

f(z) = Z apz®.
k=0

Let
[n/2] l(n—1)/2]
fE(z) = Z agz® and  fO(z) = Z i1 2" (1)
k=0 k=0

The Hermite—Biehler theorem establishes a connection between the Hurwitz
stability of f(z) and the interlacing property of f€(z) and f©(2).

Theorem 1.5 ([10, Theorem 4.1], [31, p. 197]). Let f(z) be a polynomial
with real coefficients, and let f¥(z) and fO(z2) be defined as in (1). Suppose
that fE(2)f9(2) £ 0. Then f(z) is weakly Hurwitz stable if and only if f€(z)
and fO(z) have only real and non-positive zeros, and fO(z) < fE(z).

Combining Theorems 1.3 and 1.5, we know that the polynomial

Paz) = D) + 5 Bal) )



is weakly Hurwitz stable. The construction of P,(z) is based on the relations
among A, (2), Bn(2), Co(2), Dy(2) and B, (z). We are thus motivated to prove
the Hurwitz stability of P, (z) without using the interlacing property of D,,(2)
and B,(z). This eventually leads to a new proof of Theorem 1.3, which
will be given in Section 3. We would like to point out that Borcea and
Briandén’s work [6] on the characterization of linear operators preserving
Hurwitz stability is critical to our approach. This new approach also has some
advantages. As will be shown in Section 4, we can use the Hurwitz stability
of P,(z) to prove the interlacing property of the half Eulerian polynomials
of type B and type D conjectured by Hyatt [26]. Zaslavsky [41] initiated
the study of subcomplexes of Coxeter complexes, which were further studied
by Stembridge [36]. In Section 5, we shall investigate the Hurwitz stability
of some polynomials closely related to P,(z), and then prove that the h-
polynomial of Coxeter subcomplex of type D has only real zeros.

It is natural to consider whether the real-rootedness of D,(z) can be
proved in the same manner. Precisely, we aim to look for some Hurwitz
stable polynomial f(z) such that D, (z) appears as fF(z) or f9(z). We
noticed the following remarkable identity

Dy (2) = Byo(2) — 2nz Dy_y(2), (3)

due to Dilks, Petersen, and Stembridge [19]. By inspection of (2) and (3),
we are led to study the Hurwitz stability of the polynomial

Qn(z) = 2P, (2) — 2nzP,_1(2). (4)
It is easy to verify that

Dn(z)

z

QE(2) =2D,(z) — ngn_l(z) and  Q9(z) =

Computer experiments suggest that Q,(z) is weakly Hurwitz stable, which
will be proved in Section 6. Although we could not give a proof of the Hurwitz
stability of @Q,(z) similar to our proof of the Hurwitz stability of P,(z), we
are able to prove both Q9(z) and QF () have only real and non-positive zeros
and moreover Q9(2) < QF(2). Thus we completely confirm Conjecture 1.2.
It should be mentioned that introducing @, (z) is essential for proving that
5n(z) has only real zeros, and its benefits will be clear in Section 6.



2 Savage and Visontai’s proof of Theorem 1.3

The aim of this section is to give an overview of Savage and Visontai’s proof
of Theorem 1.3. We will also recall some related results which will be used
in subsequent sections.

Let us begin with the definition of s-inversion sequences. Given a sequence
s = (s1, S2, .. .) of positive integers, an n-dimensional s-inversion sequence is
a sequence e = (eq, ..., e,) € N" such that e; < s; for each 1 < i < n. Denote
the set of n- dlmensmnal s-inversion sequences by Jy, 3% To prove Theorem 1.3,
Savage and Vlsontal [32] introduced a statistic ascp on inversion sequences
e=(e,...,e,) € 3 for s = (2,4,6,...), which is defined as the cardinality
of the followmg set

Ascple) = {i e [n—1]: 67 < ffl} U{0:if e +eq/2 > 3/2).

Savage and Visontai [32] further showed that the descent generating poly-

nomial D, (z) can be interpreted as the generating function of the statistic

(274767 ) o
ascp over Jy, , precisely,

2Dn<2) _ Z ZascD(e).

63%2,4,6,4.4 )

Let T,,(2) = 2D,(z). Clearly, T,,(z) has only real zeros if and only if D,,(2)
has only real zeros. To prove that T,,(z) has only real zeros, Savage and
Visontai introduced the following refinement of T),(z):

T,i(z) = Z X(en = i) 2250

63(246 )

where x(¢p) is 1 if the statement ¢ is true and 0 otherwise. Note that
2n—1

2D, () = T, (2) = Z Ti(2). (5)

They showed that, for any n > 3 and 0 < ¢ < 2n — 1, these refined polyno-
mials satisfy the following simple recurrence relation:

[nglﬂ_l 2n—3
z) =z Z Th-1,(2 T1(2 (6)
=0 j_( n J




where [t] represents the smallest integer larger than or equal to ¢.

By using the theory of compatible polynomials developed by Chudnovsky
and Seymour [18], Savage and Visontai inductively proved that the polyno-
mials satisfying such recurrence relations are compatible, and hereby proved
that T,,(z) has only real zeros. Let us recall some related concepts. Suppose

that fi(2),..., fi(z) are polynomials with real coefficients. These polynomi-
als are said to be compatible if, for any nonnegative numbers cq, ..., ¢,,, the
polynomial

c1fi(z) + cafe(2) + - + e fm(2)

has only real zeros, and they are said to be pairwise compatible if, for all
1 < i < j < m, the polynomials f;(2) and f;(z) are compatible. The
following remarkable lemma shows that how the two concepts are related.

Lemma 2.1 ([18, Lemma 2.2]). The polynomials fi(2),..., fm(2) with pos-
itive leading coefficients are pairwise compatible if and only if they are com-
patible.

Given a polynomial sequence (f1(z), ..., fm(2)) with real coefficients, de-
fine another polynomial sequence (g;(2), ..., gmw/(z)) by the equations
trp—1 m
()= Y 2f2) + 3 file), for 1< k<, @
/=1 é:tk

where 1 < t; < ... < t,v < m + 1. Savage and Visontai obtained the
following useful result.

Theorem 2.2 ([32, Theorem 2.3]). Given a sequence of real polynomials
f1(2), ..., fim(2) with positive leading coefficients, let g1(z), ..., gm (2) be de-
fined as in (7). If, for all1 < i< j <m,

(1) fi(2) and f;(2) are compatible, and
(2) zfi(z) and f;(z) are compatible,

then, for all1 <i<j<m/,

(1°) gi(z) and g;(z) are compatible, and



(2°) z9:(2) and g;(2) are compatible.

As pointed out by Savage and Visontai, the description of the above the-
orem can be simplified by using the notion of interlacing if the polynomials
fi(2), ..., fm(z) have only nonnegative coefficients. Interlacing of two poly-
nomials is closely related to compatibility in the sense of the following, due
to Wagner [40].

Theorem 2.3 ([40, Lemma 3.4]). Suppose that f(z) and g(z) are two poly-
nomials with nonnegative coefficients. Then the following statements are
equivalent:

(1) f(z) interlaces g(z), namely f(z) < g(2);

(2) f(z) and g(z) are compatible, and zf(z) and g(z) are compatible.

Parallel to the concept of pairwise compatibility, we say that a sequence of
real polynomials fi(2), ..., f(z) with positive leading coefficients is pairwise
interlacing if f;(z) < fi(2) for all 1 < i < j < m. The following result
provides an alternative description of Theorem 2.2 when all the polynomials
involved have only nonnegative coefficients.

Theorem 2.4. Given a polynomial sequence (f1(z), ..., fm(2)) with nonneg-
ative coefficients, let g1(z), ..., gm/(2) be polynomials defined as in (7). If
(f1(2), ..., fm(2)) is pairwise interlacing, then so is (g1(2), ..., gm/(2)).

Based on (6) and Theorem 2.4, Savage and Visontai obtained the follow-
ing result.
Theorem 2.5. For n > 4, the sequence (1,,0(2),Th0(2), ..., Thon-1(2)) is
pairwise interlacing.
By (5) and (6) it follows that
1

Dy (2) = 5 nt1,0(2)- (8)
Savage and Visontai also proved that
En(z) = Tht1,n+1(2). (9)

Theorem 1.3 immediately follows from (8), (9), and Theorem 2.5.
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3 A new proof of Theorem 1.3

The aim of this section is to give an alternative proof of Theorem 1.3 different
from the former approach given by Savage and Visontai. To this end, we need
to prove the weak Hurwitz stability of P,(z) defined by (2) without using
the interlacing property of D,,(z) and B, (z).

Let us first recall some formulas on the Eulerian polynomials. For the
Eulerian polynomials of type A and B, it is known that

An(2) > (i+1)n2, (10)

(1 —z)n+t =
and
—(E"S}m = (2i+ 1), (11)

>0

see [14] and references therein.

By (10) and (11), we have

(z+ 1" Ay (2) = (L= 22" (i 4 1)

i>0
= (12"t (2"2 D1 > (2 + 1)"z2") ,
i>0 i>0
leading to the following identity,
(z4+ )" A, 1(2) = 2"24,1(2%) + B, (2%). (12)

It is well known that A,(z) has only negative real zeros, and hence (z +
1)"*1 A, _1(2) is weakly Hurwitz stable for any n > 1. By Theorem 1.5, the
identity (12) implies that B, (z) < A,—1(%).

For the Eulerian polynomials of type D, Stembridge [36, Lemma 9.1]
discovered that D, (z) has a close connection with the Eulerian polynomials
of type A and type B:

Dy, (2) = Bn(2) — n2" 12 A, (2). (13)
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For the affine Eulerian polynomials of type B and type C', Dilks, Petersen,
and Stembridge established the following identities:

Cp(z) =2"2A,_1(2), (by [19, Corollary 5.7))
2C,(2) = Bu(2) 4 2n2C,_1(2), (by [19, Proposition 6.1])
B.(z) = Cy(2) (by [19, Proposition 6.3]).

It is readily seen that

Bn(z) =22 (2"A,_1(2) = nB,_1(2)) . (14)
The first main result of this section is as follows.
Theorem 3.1. Let P,(z) be defined by (2). Then for any n > 2,
Po(z) = (2 + )" Apa(2) — na(z + 1)"Apoa(2). (15)

Proof. We have

Pa(2) =Du() + 5-Bu(%) (b (2)
=(Bn(2%) —n2" 122 A,25(2%))  (by (13))
+ 2(2"4,-1(2%) = nB,_1(2%))  (by (14))
= (2"2A,21(2%) 4+ Ba(2%)) — nz(2"'2A,2(2%) 4+ Ba1(27))
=(z+1)"MA, 1(2) —nz(z+ 1D)"A,_2(2)  (by (12)).

This completes the proof. [

By the above theorem, to prove the weak Hurwitz stability of P,(z) it is
sufficient to prove the weak Hurwitz stability of

Po(2) = (24 1) A,_1(2) — nzA,_s(2). (16)

To prove that Jf’n(z) is weakly Hurwitz stable, we shall use a deep theory on
linear operators preserving weak Hurwitz stability, which was developed by
Borcea and Bréandén [6]. The notion of Hurwitz stability admits an extension
from univariate polynomials to multivariate polynomials. Let C|zy, 2o, . . ., 2]
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denote the set of polynomials in 21, 29, . .., z,. We say that f(z1,22,...,2,) €
Clz1, 22, - - -, 2] is weakly Hurwitz stable if f(z1, 29, ..., 2,) # 0 for all tuples
(21,22, ...,2n) € C" with Rez; > 0 for 1 < i < n. Let C,[z] denote the
set of polynomials over C with degree less than or equal to m. Borcea and
Brandén obtained the following characterization theorem. For related results,
see [6, 7, 8.

Theorem 3.2 ([7, Theorem 3.3]). Let m € N and T : C,,[z] — Clz] be a

linear operator. Then T preserves weak Hurwitz stability if and only if either

(a) T has range of dimension at most one and is of the form T(f) = a(f)P,
where a is a linear functional on C,,[2] and P is a weakly Hurwitz stable
polynomial, or

(b) The polynomial
Tl(zw+1)"] = Z (Z)T(zk)wk

is weakly Hurwitz stable in two variables z, w.

The polynomial T'[(zw 4 1)™] is called the algebraic symbol of the linear
operator T

We proceed to prove the weak Hurwitz stability of P,(z) defined in (16).

Theorem 3.3. For any positive integer n > 2 the polynomial Pn(z) is weakly
Hurwitz stable.

Proof. Tt is known that the Eulerian polynomials A, (z) satisfy the following
recurrence relation:

An(z) =(nz4+ 1) Ap1(2) — 2(z — DA, _,(2)
= (n+1)(2401(2)) = (2 = 1)(zAn-1(2))',

with the initial condition Ag(z) = 1. Thus, we find that

~

P.(z) =nz(zA,2(2)) — (zQ — 1) (zA,_2(2)) .
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This formula could be restated as
pn(z) = T(ZAn—Q(Z))a

where p
T=nz—(*—1)—

( )7

denotes the operator acting on C,[z]. It is easy to see that T is a linear

operator.
The algebraic symbol of T is given by
Tl(zw + 1" = n(z +w)(zw + 1)" 1.

It is easy to see that both (z 4+ w) and (zw + 1) are weakly Hurwitz stable in
variables z,w. Thus T[(zw + 1)"] is weakly Hurwitz stable in variables z, w.

By Theorem 3.2, the linear operator 7" preserves stability. The weak
Hurwitz stability of P, immediately follows from that of zA, o(z). This
completes the proof. O

Now we are to prove Theorem 1.3.

Proof of Theorem 1.3. Combining Theorems 3.1 and 3.3, we get that P,(z)
is weakly Hurwitz stable. Now Theorem 1.3 immediately follows from (2)
and Theorem 1.5.

O

4 Hyatt’s conjectures

In this section we aim to use the Hurwitz stability of P,(z) defined in (16) to
prove some conjectures proposed by Hyatt [26] during his study of descent
generating polynomials of finite Coxeter groups.

Let us first give an overview of Hyatt’s conjectures. Recall that the
Coxeter group *B,, of type B of rank n can be regarded as the group of all
bijections o of the set £[n] = {£1,+£2,...,+n} such that o(—i) = —o (i) for
all i € £[n]. We usually write ¢ in one-line notation (oy, 09, ...,0,), where
o; = o(i). The half Eulerian polynomials of type B are given by

Bi(m) = 3 A0 and Bi(z) = Y 2w

g€Bp:0n,>0 0€Bn:0,<0

13



The Coxeter group ®,, of type D of rank n is composed of those even signed
permutations of B,,. In the same manner, the half Eulerian polynomials of
type D are defined as

Dt (z) = Z zdesp () and D, (z) = Z zdesp (9)

€D p:0,>0 0EDp:0n<0
Hyatt proposed the following conjecture, which has been confirmed by
himself in [26].

Conjecture 4.1 ([26, Corollaries 4.6 and 4.8]). (i) For n > 1, B (z) inter-
laces z"B;f (1/z) and thus B,(z) = B} (z) + z"B; (1/z) has only real zeros.
(i) For n > 2, D (2) interlaces 2" D (1/2) and thus D,(z) = D} (z) +

2"DF(1/z) has only real zeros.

We proceed to prove Hyatt’s conjecture on the half Eulerian polynomials.
The following result establishes a connection between the classical Eulerian
polynomials and the half-Eulerian polynomials of type B.

Theorem 4.2. For anyn > 1, we have

(z+1)"Ana(2) = By (2°) + - B, (2"). (17)

n

Proof. From the equality [3, (7.5)]
(ﬁ—(;)n = ((2i+1)" = (20)") 2 (18)

120

and (11) as well as the fact B,(z) = B, (z) + B, (z), we get that

= (@) - @i - 1)) £ (19)
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By (10), we obtain that

(z+ 1) "Apa(2) = (1= 22)"(1—2) Y (i + 1)

>0

= (12" <Z(z +1)m =) (i+ 1)”zi+1>

i>0 i>0

=(1-2z%)" <Z(2i +1)"2% — Z(m)%”)

i>0 i>1

+(1=2)" (Z(zi)"z%l - (2 - 1)"22“) :

i>1 i>1

The desired identity then immediately follows from (18) and (19). O

Note that Athanasiadis and Savvidou [3, Proposition 7.2] obtained that
B (z) is the even part of (z+1)"A4,_1(2). As remarked by Athanasiadis and
Savvidou [3, Remark 7.3], similar formula can be derived from [1, Theorem
4.4], see also Athanasiadis [2, Proposition 2.2].

For the half-Eulerian polynomials of type D, we have the following result.
Theorem 4.3. Let P,(2) be defined as in (16). Then, for any n > 2,

N 1
(2 +1)" Pu(2) = D} (%) + — Dy, (7). (20)
z
Proof. First, we prove the following identity:
Bu(z) = 2(2D} (2) + Dy (2)). (21)

Recall that, if each o of B, is taken as a signed permutation, then the
descent statistics despo and desg have the following combinatorial charac-
terization:

desp (0) = x(o1 + 02 <0)+ |{i € [n — 1] : 07 > 0341},

and

—~

desg (o) =x(o1 <0)+|{i € n—1]:0; > ois1}| + x(0n_1+ 0, > 0),

15



where x(-) is 1 if the statement is true and 0 otherwise.
As shown by Savage and Visontai [32], under the involution
(01,09,...,00) = (=0, ..., —09, —01),
the statistic des g has the same distribution over ‘B,, as the statistic
statg (0) = x(01 4+ 02 < 0)+ [{i € [n — 1] : 0; > 041} + x (00 > 0).

Hence,

Ba(z) = 3 #tn o) 4§ itn @)

B oE€B,
— 5 2 zdesDo'_'_ § : ZdesD (0')'
cEBL oE€B,

Taking the involution on B,,:

(01,09,...,0,) — (—01,09,...,0,),

we get

Z 240 (@) —9DF(2) and Z z4es0(9) — 9D~ (2),

oeB cEB;,
which can be shown by an elementary but tedious analysis of cases. This
completes the proof of (21).

It is known that
Dy(2) = Dy (2) + D, (). (22)

Therefore,
1

z+1
L <Dn<zz> ; %’z@(%)) (by (2))
= - Jlr : (D;(zz) +D, (%) (by (22))

£ (2D +Di() ) by (21)

z

(z+1)" 1P, (2) = P,(z) (by (15) and (16))

1
= D} (") + —D; (),
z

as desired. The proof is complete. ]
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To prove Hyatt’s conjecture, we also need the following identities:

B, (z) = 2"By(1/2), (23)

D, (z) = "Dy (1/z), (24)

which have been proven by Hyatt [26]. See also [3, Lemma 7.1] for the type
B case.

Now we can prove Hyatt’s conjecture on half Eulerian polynomials.
Theorem 4.4. (i) Forn > 1, we have B (z) X 2"B}(1/z).
(i) Forn > 2, we have D} (z) < 2"D;(1/z2).

Proof. Let us first prove (i). Since (z+1)"A,_1(2) has only non-positive real
zeros, Theorem 1.5 together with (17) implies that B, (z) < B, (z). By (23),
this shows that B (z) < 2"B;(1/z). The proof is complete.

In the same manner, we can prove (ii). Note that, by Theorem 3.3, the
polynomial (z 4+ 1)1 P,(2) is weakly Hurwitz stable. Thus D (z) < D (2)
by (20) and Theorem 1.5. In view of (24), we get D, (z) < 2"D;(1/z). This
completes the proof of (ii). O

5 h-Polynomials of subcomplexes of type D

Given a Coxeter group W, it is known that the A-polynomial of the correp-
sonding Coxeter complex is just the Eulerian polynomial W (z), see Bjorner
[4, Theorem 2.1]. Zaslavsky [41] first considered the subcomplexes of the
Coxeter complex, which are composed of faces fixed by a given group ele-
ment. It is often the case that these subcomplexes are isomorphic to Coxeter
complexes of smaller rank. But that is not the case for the Coxeter groups of
type D. Stembridge [36, Lemma 9.1] proved that the h-polynomials of such
subcomplexes are of the following form:

Df(2) = Bu(2) = (n = 02" '2A,s(2), (25)
where ¢ is a nonnegative integer ¢ < n.

Note that D7<L[)>(Z) = D,(z) and D,<1">(z) = B,(z). Since both D,(z) and
B,.(z) have only real zeros, it is natural to consider whether Dé@(z) has only
real zeros for any 0 < ¢ < n. The main result of this sections is as follows.
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Theorem 5.1. For any n > 2 and 0 < £ < n, the polynomial D,@(z) has
only real zeros.

As in Section 3, we are to prove the above theorem by using the Hermite—
Biehler theorem. To this end, we hope that Dfp(z) also appears as fF(z) or
f9(2) for some stable polynomial f(z) as D,(z) does in (2). By (12), we see
that

(z+ )" A,_1(2) = DI (2%) + 2"2A,_1(2?).
By the proof of Theorem 3.1, we have
(z4+ 1" A, 1(2) —nz(z+1)"A,_5(2) =
DON(2%) + (2" Api (2%) — nBa_i1(2%).

Observing the above two identities, we are motivated to consider the weak
Hurwitz stability of the polynomial

P (z) = D7<f>(22) +z (Z”An_l(ZQ) —(n— E)Bn_l(ZQ)) . (26)
We obtain the following result.

Theorem 5.2. For any 0 < ¢ < n, let Péa(z) be defined as in (26). Then,
we have

Pé@(z) =(z+1D)"M A 1(2) = (n—O)z(z+ 1)"A,_o(2). (27)

Proof. By (25), the left hand side of (27) is equal to
(Ba(2%) = (n = 0)2" 122 Ay 5(2%)) + 2 (2" A1 (2°) — (n — ) Byoa(27))
= (2"2A,-1(2%) + Ba(2%) — (n — 0)2(2" ' 2A,_5(2%) 4+ Bn-1(27))
=(z+ )" Apa(2) = (n = 02(z + 1)"Ana(2),
where the last equality follows from (12). This completes the proof. O
Thus, to prove that P,@(z) is weakly Hurwitz stable, it is sufficient to
prove that
PR (2) = (2 + 1)An_1(2) + kzAn_(2)

is weakly Hurwitz stable for any k > —n.

18



Theorem 5.3. For any positive integer n > 2 and any real number k > —n,
the polynomial Pém(z) is weakly Hurwitz stable.

Proof. Following the proof of Theorem 3.3, it is not hard to show that
P (z) = TW (24,5(2)),

where p
T* = k ~1
(nz+n+k)— (Z )— 7

denotes the linear operator acting on C,[z]. The algebraic symbol of T is
given by

T<k>[(zw +1)" = (zw+ D" H(k+n)(zw+ 1) +n(z +w))

= nfew -+ 1) (

Z 4+ w k+n)
+ .
2w+ 1 n

We claim that
zZ4+w k+n

2w+ 1 n

is weakly Hurwitz stable in variables z,w if £ > —n. To prove this, let

z—1 y—1
—_—, w=-—-:.
r+1 y+1

Note that Rez > 0 if and only if |z| > 1. It is obvious that

z+w xy—1
cw+1 ay+1

If Rez > 0 and Rew > 0, then |z| > 1 and |y| > 1, and hence |zy| > 1.
Therefore, we have Re %% Ji > 0 and thus Re ”fr“l > 0. Moreover, it is
clear that zw + 1 # 0 Whenever Rez > 0 and Rew > 0. It follows that

T*[(zw + 1)"] is weakly Hurwitz stable in variables z, w.

By Theorem 3.2, the linear operator 7% preserves stability. The weak
Hurwitz stability of 25" (z) immediately follows from that of zA, _o(z). This
completes the proof. O

Now we can prove Theorem 5.1.
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Proof of Theorem 5.1. By Theorems 5.2 and 5.3, for any positive integer
n > 2 and any nonnegative integer ¢ < n, the polynomial P,@(z) is weakly
Hurwitz stable. By (26) and Theorem 1.5, we obtain that D’(z) has only
real zeros. This completes the proof of Theorem 5.1. ]

6 Affine descent generating polynomials of type
D

The aim of this section is to prove that ﬁn(z) has only real zeros for any
n > 3. Our main result is as follows.

Theorem 6.1. Let Q,(2) be defined as in (4). Then both Q9(z) = D,(2)/z
and QF(2) have only real and non-positive zeros and moreover Q9(z) =<
QF(2). Consequently, Q,(z) is weakly Hurwitz stable.

Before proving Theorem 6.1, let us first note several lemmas which will
be used later. The first result is due to Haglund, Ono, and Wagner [23].

Lemma 6.2 ([23, Lemma 8]). Let fi(2),..., fm(2) be real-rooted polynomi-

als with nonnegative coefficients, and let ay,...,a,, > 0 and by,..., b, >
0 be such that a;b;yy > biajq for all 1 < i < m — 1. If the sequence
(f1(2), ..., fm(2)) is pairwise interlacing, then

Z aifi(z) = Z bifi(z)

The second result is easy to prove, which might be considered a well-
known result.

Lemma 6.3 ([9, Lemma 2.3], [39, Proposition 3.5]). Let g(z) and {f;(2)},
be real-rooted polynomials with positive leading coefficients, and let F(z) =

fi(z) + fa(z) + -+ fu(2). Then

(1) if fi(z) = g(z) for each 1 < i < n, then F(z) is real-rooted with
F(z) 2 g(2

);
(2) if g(z) =2 fi(z) for each 1 < i < n, then F(z) is real-rooted with
9(2) 2 F(2).
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The third result gives an expression of QE(2) in terms of T, ;(z), as
well as that of Q9(z).

Lemma 6.4. We have

n—2

Qn(2) = Z ((n=j=Dz+j+1)(Ta-1(2) + Tocrn14(2)),  (28)

n—2

2Q0(2) =) ((n—j—Dz+7+1)(2Tuo15(2) + Tucrmo14(2)). (29)

=0
Proof. By (3), we have

Qr(2) = 2Du(2) = 0By (2)
= Tni10(2) = nTun(z)  (by (8) and (9))

2n—1

=3 T () (b ()

Note that, by (6), for each 0 < i < n — 1 there holds

2n—3

i—1
Toi(2) =2 Tu1(2)+ > Tu1;(2),
=0 =i

and for each n <7 < 2n — 1 there holds

1—2 2n—3
j=0 j=i—1

Thus



n—1 1—1 n—12n—3

=) D ATy (2)+ YY) Taay(2)

=0 5=0 1=0 j=1i
2n—1 1—2 2n—1 2n—3

+ YO T2+ Y D Tuoa(2)
i=n j=0 i=n j=i—1

n—2 n—2
- Z nZTn—l,j(Z) - Z nTn—l,n—l—i—j(Z)
j=0 j=0

For the above four double summations, we have

n—1 1—1 n—2 n—1 n—2
E, 2T51,5(2 E, 2T5-14(2 E(” J=1)2T1(2),
=0 5=0 i=j+1 7=0
n—12n—3 n—2 n—1 2n—3
Tn 1 n 1 + Tnfl,'(z)
J J J
=0 j=1 =0 j=1 1=0 j=n—1
n—2 j n—1 n—2
= E E n— 1] + g Tn 1,n— 1+]
j=0 i=0 i=0 7=0
n—2

= (j+1 nlj ZnTn 1,n— 1—0—]

7=0
2n—1 1—2 2n—1 n—2 2n—1 12
D) ILEVEES 3) IENVERD 3 pE= VS
i=n j=0 i=n j=0 i=n j=n—1
n—2 2n—3 2n—1
S NEEVERS 3 pE e
7=0 j=n—1i=j5+2
n—2 2n—3
= anTn_Lj(z) + Z (2n —j —2)2T,_14(2)
7=0 j=n—1
n—2
- ZnZTnfl,j(z) + (n —1- j)ZTnfl,nflJrj(Z)a
- =0
2n—1 2n—3 2n—3 j+1 n—2
Z Z Tn 1] Z ZTn 1_7 = (] +]—)Tn—1,n—1+j(z)-
i=n j=i—1 j=n—1i=n 7=0
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Therefore,

[\

n—

QE2) = 3 ((n = = D23+ 1) (Tar1,() + Toctn-114(2)

i
o

as desired. The second formula can be proved in the same manner. This
completes the proof. O

Lemma 6.4 implies that both QF(2) and Q9(z) are polynomials in z with
nonnegative coefficients. By Theorem 2.3, to show that Q9(2) =< QZ(z), or
equivalently QF(2) < 2Q9(2), it suffices to prove both QF(z) and 2QF(z)
are compatible with 2Q%(2). Equivalently, we only need to show that both

Qi (2) + c2Qy ()
and
c2QF (2) + 2Q5 ()

have only real zeros for any ¢ > 0. If for any ¢ > 0 we let (Kfﬂ(z))ggl be
the polynomial sequence given by

T, :(2) 4+ I pyi(2), if0<i<n-—1
O T B (30)
’ c2lhin(2) +Thi(2), fn<i<2n-—1
and let (Lffi(z))fzg ! be the polynomial sequence given by
© KN+ ek (2), if0<i<n—1
Ln,z(z) = (1) (1) (31>
2Ky (2) + Ky i(2), ifn<i<2n—1
then, by Lemma 6.4, we have
n—2
Q) +e2Q0(2) =D ((n =G = Dz 45+ )L (2). (32)
=0
n—2
CZQE(Z) + ZQS(Z) = ((n —Jj—Dz+j+ 1)L§i1,n—1+j(2)- (33)

[e=]

j=

Before proving that both QF(2) + c2Q%(2) and c2QF(2) + 2Q9(2) have
only real zeros, let us note the following interesting result.
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Theorem 6.5. Forc>0,n>4 and 0 <1 <2n — 1, we have

[%11 -1 2n—3
K92) = 2 K9 ()+ Y K (%) (34)
Jj=0 ]:’7"7_12'—‘
and
[%11 -1 2n—3
L%z = 2 L+ Y LY ), (35)
7= i=[ 5]

where Kffi(z) and Lffi(z) are defined by (30) and (31) respectively.

Proof. We first prove (34). We use some matrix techniques to give a proof.
Let

K= (KS(2), K9(2), . K1 (2)),
7:1 = (Tn,O(Z)a Tn,l Z)a cee 7Tn,2n71(2))ta

where the symbol ¢ denotes the matrix transpose. From (30) it follows that

m:<% %)n, (36)

z1I, «cl,

where [, is the identity matrix of order n. Note that the recurrence relation
(6) can be rewritten as

i—1 2n—3
Toi(z) =2 Y Torj(2)+ Y Tuoij(2),
=0 j=i
n+i—2 2n—3
Tonti(z) =2 > Taay(2)+ Y Tuay(2),
5=0 j=nti-1
where 0 < i < n — 1. Therefore, we get
A B
7:1 = ( ~B A ) 771—17 (37>
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where

nx(n—1)

and B is an n X (n — 1) matrix with all entries equal to 1. One can compute
that

I, cl, A B\ ( A+czB cA+B
czl, I, 2B A ) \ czA+z2B A+czB
. A B ]n—l C]n—l
o < zB A ) ( Cz[n—l [n—l ) ' (38>

Combining (36), (37), and (38), we obtain

which is equivalent to (34). The proof of (35) can be done exactly in the
same way. This completes the proof. O

With the above recurrence relation, we obtain a result analogous to The-
orem 2.5.

Theorem 6.6. For n > 4 and ¢ > 0, both (Kﬁ(z))?zal and (Lff%(z))?zal

are pairwise interlacing, where Kffz(z) and Lffi(z) are defined by (30) and
(31) respectively.

Proof. We first prove the case of (Kﬁff(z))fﬁo_ '. We may assume that ¢ > 0
since (Kffz?(z))fggl is just (T,(2))7"". We use induction on n. For n = 4,
by using (30), we can directly compute the polynomials K fﬁ (z)for0<i<7.
The eight polynomials are listed below:

K{9(2) = (10c +2)2% + (28¢ + 22)2% + (10¢ + 22)z + 2,
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(14c +4)2° + (28¢ + 24)z* + (6¢ + 20)z,
(20c + 6)2° 4 (24c + 28)2% + (4c + 14)2,

)

)
2c2* 4 (22¢ 4 10)2% + (22¢ + 28)22 + (2¢ 4 10)z,
+ (

+ (2¢+10)z,

dez* + (24c + 14)2°

+( )2*
+ (22 + 28) 27
+ (20c + 28)2% + 62,
+ (14c + 24)2% + 4z,

(2) =

(2) =

(2) = ( )
K{(2) = 2¢2* + (22¢ + 10)2°

(2) = ( )

(2) = 6ez + (28¢ + 20)2°

(2)

= (10c + 2)2* + (28¢ + 22)2* + (10c + 22)2* + 2z.

To prove that Kif( ) = K4J( z) for any 0 < i < j <7, by Theorem 1.5 it

suffices to show that zK if (%) + K i;( %) is weakly Hurwitz stable for any
i< jwithi,je{0,1,2,3.56}. Let

i 2K4<’CZ->(22) + Kf; (2%)

1,J (Z) = M ’

where m; ; is the largest nonnegative integer k such that
| (KT () + KL ().

We proceed to show that H; ;(z) is Hurwitz stable for any ¢ < j with i,j €
{0,1,2,3,5,6}. By Theorem 1.4, we only need to show that all the Hurwitz
determinants of H; ;(z) are positive for any ¢ > 0. It is straightforward to
compute these Hurwitz determinants with the aid of a computer. As shown
in the appendix, for any i < j with ¢,5 € {0,1,2,3,5,6}, all the Hurwitz
determinants of H;;(z) are polynomials in ¢ with nonnegative coefficients,
and hence are positive for ¢ > 0. This establishes the weak Hurwitz stability
of zK ii}(ZQ) + K ic])(zQ) Thus we get the desired result for n = 4. Then,
by Theorems 2.4 and 6.5, we obtain the pairwise interlacing property of
(K@( )25t for any n > 4.

For the case of (L (z))?”o ! we can directly compute the polynomials
L4,z( z) for 0 <i <7. The eight polynomials are listed below:

Lffg)(z) = 2c2* + (32¢ + 12)2% + (50¢ + 50)22 + (12¢ + 32)z + 2,
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= dezt + (38¢ + 18)2° + (48¢ + 52)2% + (6¢ + 26)2,
= 6cz" + (48¢ + 26)2° + (38¢c + 52)2° + (4c + 18)z,

12¢ + 2 50c + 32 32¢ +50)z° 4+ (2c + 12)z,

)2* + ( )2*
50c + 32)z° 4 (32¢ + 50)2* + (2¢ + 12)z,
8¢ + 4 52c + 38)2% + (26¢ + 48)2* + 62,

) )

= (

= (12¢+2)2* +
=(

= (26c+6

)2+
)2+ (
)2* 4
)2t + (52¢ + 48)2° + (18¢ + 38)2 + 4z,

= 2c2° + (32¢ + 12)2* + (50c + 50)2° + (12¢ + 32)2* + 22.

To prove that Lf&(z) LY ( ) for any 0 < i < j < 7, by Theorem 1.5 it

suffices to show that zLi’g( )+Li7;( %) is weakly Hurwitz stable for any i < j
with 4,j € {0, 1,2,3,5,6}. Similarly, for any ¢ < j with 4, j € {0,1,2,3,5,6},
let n; ; be the largest nonnegative integer & such that

(LY + LEN(2)).
Let

{e) (.2 (&) (.2
- zLy;(2%) + Ly (2%)
H;j(z) = — —.

2Mi,j

Now it suffices to show that H, ;(z) is Hurwitz stable for any i < j with
i,7 € {0,1,2,3,5,6}. As shown in the appendix, each Hurwitz determinant
of ﬁ”(z) is a product of some polynomial in ¢ with nonnegative coefficients
and some even power of (¢ — 1), and hence it is positive for ¢ # 0 and ¢ # 1.
Therefore, the polynomial szfZ-(zQ) + Lfﬁ-(zz) is weakly Hurwitz stable for
any 0 <7< j < 7andc#0,1. While for ¢c =0 or ¢ = 1 we can directly
check the pairwise interlacing property of (Lf&(z))zzo. Again by Theorems
2.4 and 6.5, we obtain the pairwise interlacing property of (Lg’:i(z))?ﬁa ! for
any n > 4. This completes the proof. O

Now we are in the position to prove Theorem 6.1.

Proof of Theorem 6.1. As discussed before, we only need to prove that both
QF(2) + c2Q9(2) and czQF(z) + 2QY(2) have only real zeros for any ¢ > 0.
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By Theorem 6.6, we know that, for any n > 4, both (Lfle,j(z));‘;g and
(Lfle’j(z))?i;il are pairwise interlacing. Let m = n—1 and define a; = n—1,
b; = i and fi(z) = Lfle’ifl(z) for 1 < i < n—1 in Theorem 6.2. Since
a;bjr1 — bja; 1 = mn > 0, it is immediate that

[aary

n—

n—1
(n— i)Lf@czl,i—l(Z> = Ziszchz‘A(z)-
i=1

I
—

%

Since all the zeros of these two polynomials are real and nonpositive, we get

n—1 n—1
@'szczu—l(Z) =z Z(” - i)Lfmcll,i—l(Z>'
i=1 i=1

Further, by Lemma 6.3, we know that > ((n — )z + 1) Lffzu_l(z) has
only real zeros. Thus by (32) the polynomial QZ(2) + c2Q%(z) has only real
zeros for any ¢ > 0. To prove that czQF(2) + 2Q%9(z) has only real zeros for
any ¢ > 0, by virtue of (33), the same arguments as before apply except that
taking f;(2) = Lile,nfzﬂ-(z) for 1 <i <n—1in Lemma 6.2. This completes
the proof. O
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Appdendix

In this section we shall list all Hurwitz determinants which are used in the
proof of Theorem 6.6.

The following table presents a list of the Hurwitz determinants of H; ;(2)
for any ¢ < j with 4,5 € {0, 1,2,3,5,6}.

(4, 5) H; j(2) Ay (Hi (%))
A =1ldc+4,As =4 (28(:2 1 3lc+ 10) ,
Az = 96 (21c3 4 41¢? + 30c + 8) ,

(10c+2)z53+(14c+4>z5+2-(2sc+22)z4 Ay = 192 (32c4 +71c® + 67¢2 + 34c + 8) ,
+(28¢424) 23 4(10c+22) 224 (6c+20)z+2 Ag = 36864c%(c + 1), Ag = 737282 (c 4+ 1)3.

(0,1)
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(C¥))

H; (%)

Ap(H; (%))

A1 =20c+6, Ag =4 (soc2 1 70c + 19) ,
Ag = 32 (140c® + 240c2? + 171c + 47) R
Ay = 64 (240c* + 640c® + 906¢2 + 693¢ + 211) ,
02 |, (100+2)20+4 (20046)20 4 (2804224 As = 6144(c + 1) (10¢? + 5c+ 19) ,
(24c428) 234 (10c+22) 224 (4c+14) 242 3 5
Ag = 12288(c + 1)® (10¢% + 5¢ + 19) .
Aq = 10c + 2, Ao :4(41(;2 +25c+5),
Az =8 (324c3 +401c? + 205¢ + 41) ,
Ay, = 576 (49c4 141013 4+ 94¢? 4 45¢ + 9) ,
Ag = 1152 (144c5 + 445¢* + 6413
2¢27+(10c42) 204 (22¢+10) 25+ (28c+22) 2% +530c% 4 245¢ + 49) ’
(0,3) 4 (22¢428)23 4 (10c+22)22 4 (2¢+10) 2 +2 Ag =331776(c + 1)* (2 +c+1),
A7 = 663552(c + 1)* ECQ +c+ 13 .
Ay = 10c + 2, Ao = 4 (32¢2 +255+7),
Az =8 (248c3 4+ 37262 + 245¢ + 63) ,
Ay = 64 (240c4 + 556¢3 + 609¢2 + 360c + 91) ,
As = 128 (1200c5 + 4080c*
4c274+(10c+2) 20+ (24c4+14) 25 4 (28c+22) 24 +6218¢° + 5469c” + 2802¢ + 647) ’
(0,5) 4(20c428) 234 (10c4+22)22 46242 Ag = 12288(c + 1)3 (25¢2 4 20c + 19) ,
A7 = 24576(c + 1)3 2253 + 20c + 193 .
Ay =10c+2, Ag =4 (28c2 +3lc+ 10) ,
Az =8 (29253 4+ 552¢2 + 387¢ + 98) ,
Ay = 192 (32¢* + 71c3 + 67¢2 + 34c + 8) ,
@0 | e ety v | o] s (1000 4 ainl 4390+ 1095+ 950+).
Ag = 73728¢%(c + 1)3, Ay = 1474562 (c + 1)3.
Ay = 20c+ 6, Aoy = 32 (702+50+1),
1,2) (14c+4)25+(§06+6)z4+(286+24)z3 Ag = 64 (6403 + i262 +4dle+ 8) , Ag = 3072(c + 1)*,
+(24c+28) 22+ (6c420) 2+ (4c+14) Ag = 6144(c + 1)*(2¢ + 7).
Ap=ldc+4, Ap =4 (6302 + 45¢ + 10) ,
As =32 (91c® + 117¢2 + 66¢ + 16) ,
Ay = 64 (647¢ + 1150¢3 + 975¢2 + 500¢ + 124) ;
,3) 2cz6+(14c+4)z5;-(22c+10)z4+(28c+24)z3 Ag = 6144(c + 1)3 (1962 +5c+10),
+(22¢428)22+(6c+20) z+(2c¢+10) Ag = 12288(c + 1)° (1963 110062 + 35¢ 4+ 50) ]
Ay = ldc + 4, Ao :28(8c2+7c+2),
As = 64 (42c3 4+ 68¢2 + 49¢ + 14) ,
Ay = 384 (72c4 + 14763 + 154¢2 + 98¢ + 28) ,
(15 4cz6+<14c+4)25+<2;c+14>z4+(28c+24>z3 Ag = 55296(c + 1)3 (3c2 +et 2) ,
+(20c+28)22 4 (6c+20)2+6 A
Ag = 331776(c + 1) (3c +e+t 2) .
Ap = ldc+ 4, Ay =8 (28c2 1 3lc+ 10) ,
As =192 (213 + 41¢? + 30¢ + 8) ,
a,6) 6cz6+<14c+4)z5+<22§c+20>z4+(28c+24>z3 Ay =768 (32¢* 4 71c® + 67¢? + 34c +8) ,
F(14e424)254(6e+20)2+4 As = 147456¢2 (c + 1)3, Ag = 5898242 (c + 1)3.
Ay =20c+6, Ay =4 (9&2 +69¢ + 15) ]
Az = 96 (8c3 +18¢2 4 19¢ + 7) ,
(2,3) 2cz6jr((zgziz)gz)i;riiiiiiz);ig(iicltfs)z3 Ay =192 (8c4 + 54¢3 + 191c? + 210c¢ + 73) R
As = 36864(c + 1)3, Ag = 73728(c + 1)3(c + 5).
A1 =20c+6, Ay = 12 (32c2 + 26¢ + 7) ;
Ag = 192 (8c3 4+ 18¢2 + 19¢ + 7) ,
2.5 4ch+<20c+6)z5+<2;c+14>z4+(24c+28)z3 Ay = 1152 (8¢3 + 46¢2 + 57c + 21)
+(200+28)27 4 (de+14)2 46 As = 147456(c + 1)3, Ag = 884736(c + 1)3.
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(4, 5) H; (%) Ag(Hi j(2))
A; =20c+6, Ay =8 (52c2 + 50c + 15) ,
As = 64 (76c3 +158¢2 + 130c¢ + 39) ;
Ay = 256 (108c4 + 3263 + 493¢2 + 380¢ + 114) ;
2,6) 6204 (20c46) =5 +(28c+20) 24 +(24c+28) =3 As = 55296(c + 1)3 (202 +e+ 3) ,
’ +(14c424)22 4 (4dc+14) 244 5 5
Ag = 221184(c + 1) (2c +e+ 3) .
Ay = 4c¢, Ay = 4¢(10c + 3),
Az = 24c (3252 +26¢ + 7) ,
A4 = 192¢ (8c3 +18¢2 + 19¢ + 7) ,
3,5) 2¢27 +4c204(22¢410)25 +(24c+14) 2% Ag = 1152¢ (8¢? + 46¢2 + 57c + 21) ,
+(22¢428)234(20c+28)224(2¢+10)2+6 N 5
Ag = 73728c(c + 1)°, A7y = 442368c(c + 1)°.
A1 = 6¢c, Ag = 4c¢(19¢ + 5),
As = 16¢ (94¢2 + 85¢ + 25) ,
Ay = 64c (2113 + 432¢2 + 345¢ + 100) R
As = 256¢ (456c4 + 1403¢3 + 1926¢2 + 1305¢ + 350) ,
7 6 5 4
2c27 4+6c¢204(22¢410)2° +(28¢+20) 2 _ 3 2
(3,6) +(22¢+428) 234 (14¢c+24) 224 (2¢+10)2+4 Ag = 12288c(c +1)” (19¢” +20c+25),
Ar = 49152¢(c + 1)3 (19¢2 4 20¢ 4 25) .
Ay = 6¢, Ay = 4c(8c+ 1),
Az = 16¢ (32c2 +20¢ + 5) ,
Ay = 128¢ 2248’ +43¢2 + 29¢ + 7) ,
— 4 3 2
56 =T 60 4 (200t 14)=5 4 (280420) 24 As = 512¢ (84c* + i40c +278¢2 + 151c + 32) ,
(5, +(20c+28)234(14c+24)22 46244 Ag = 12288c(c + 1)%,
A7 = 49152¢c(c + 1)%.

We proceed to list the Hurwitz determinants of ﬁ,](z) for any ¢ < j with

i,7€40,1,2,3,5,6}.

(4, 3) H; ;(2) A (H; j(2)
A1 = 4c, Ay = 4c(13¢ + 3),
Az = 24c (65¢2 + 42¢ + 9) ,
Ay = 48c (208¢3 + 373¢2 + 266¢ + 69) R
. ; . A5 = 4608c(c + 1)2 (33c2 + 56c + 25) ,
2c¢z°+4cz’4+(32¢+12)2 _ N P 3 o 2 N .
(0.1) | +(38c418)551 (500 +50y= 4 (43e+52)=8 Ag = 9216¢(c 4+ 1)2 (64¢3 + 169¢2 + 160c + 55) ,
+(12¢+432)224(6¢+26)2+2 Ar = 3538944c(c + 1)6,
Ag = 7077888¢c(c + 1)°.
A1 = 6¢c, Ay = 4c(24c + 5),
Az = 8¢ (408c2 + 285¢ + 65) ,
Ay = 16¢ (435263 + 6488¢2 + 3825¢ + 845) ,
A = 256¢ (5440c* + 12997¢3 + 13593c2 + 7075¢ + 1495) ,
Ag = 512¢ (12288c® + 39872¢* + 62735¢3
8 7 6
2ez"dGez F(32e412)2 3 +58395¢2 + 30425¢ + 6725) ,
(0,2) +(48¢+26) 25 +(50c+50) 24+ (38c+52) 2 N )
+(12¢+432)224(4c+18)2+2 A7 = 393216¢(c + 1)* (64c” + 35¢+ 85) ,
Ag = 786432¢(c + 1)* (64c? + 35¢ + 85) .
Ap = 12¢+ 2, Ag :4(71c2 +36c+6) ,
Az =8 (971c3 +1002¢2 + 426¢ + 71) ,
Ay = 16 (10728c4 + 18719¢3 + 14610c? + 5826¢ + 971) R
As = 2304 (1027c5 +2706¢% + 3323¢3
42317¢2 + 894c + 149) ,
s - 6 Ag = 4608 (3456c6 + 13109¢° 4 23358¢*
2cz84(12¢+2)274(32¢+12)= 5
(0, 3) +(50c+32) 254 (50c+50) 24 +(32¢+50) 23 +24781c® + 16283c? + 6162¢ + 1027) )
’ 2
T(12e432)27+(2¢+12) 242 A7 = 31850496(c + 1)° (2 + ¢+ 1),
Ag = 63700992(c + 1)° (¢ +c+1).
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(2, 5)

H; ;(2)

A (H; j(2)

A, = 18c + 4, Ay = 472¢? + 268c + 48,
Az =8 (1160c3 + 1301¢2 + 633¢ + 128) ,
Ay =16 (13584c4 + 23096¢3 + 19257¢2
+9013c 4 1856) ,
Ag = 256 (6528c5 + 16733c* 4 21137¢3
+16995¢2 + 8375¢ + 1856) ,
2esB 4 (18044274 (320412)26 Ag =512 (39168c6 + 153216¢° + 2723834
(0,5) +(52¢+38)254+(50¢+50) 24+ (26c+48) 23 +295147¢3 4 214545¢2 + 97693¢ + 20416) ,
+(120+32)2 46242 A7 = 393216(c + 1)4 (85¢2 + 35¢ + 64) ,
Ag = 786432(c + 1)* §85c2 + 35¢ + 64; .
Al = 26c+6, Ay = 8 (91c2 +51c+9),
A3z = 24 (208c3 + 373¢? + 266¢ + 69) ,
Ay =48 52144(:4 + 7296¢3 4+ 9657¢? + 5802¢ + 1329) ,
s . 6 Ag = 4608(c + 1)2 (64c3 + 169c¢? 4 160c + 53) ,
2¢284(26c+6)274+(32¢+12) 2
©,6) 1 (520+48) 25 +(50¢450) 24 + (18¢1+38) 23 Ag = 9216(c + 1)2 2384&1 + 1408¢3 4 2005¢2
+(12¢+32)22+42+2 +1304c¢ + 325),
A7 = 3538944(c + 1)%, Ag = 7077888(c + 1)6.
Ay = 6¢, Ay = 4¢(9¢c + 1),
Az = 8¢ (114c2 +63c + 13) ,
427 +6c20+(38¢+18)55 Aq = 128e 210303 +135¢% + 69¢ + 13) ’
(1,2) +(48c+26) 24 +(48c+52) 23 +(38c+52) 22 As = 256¢ (1570c¢* + 3195¢3 + 2751c2 + 1153¢ + 195) ,
+(6e426)z+(de+18) Ag = 196608c(c + 1)%, Ay = 393216¢(c + 1)%(2¢ + 9).
Ay = 12¢ + 2, Ao :4(64c2 +41c+9),
Az =8 (92&3 +1157¢2 + 595¢ + 118) ,
Ay = 128 (928c? + 1831¢3 + 1623¢2 + 745¢ + 145) R
As = 256 21020805 + 27053¢* + 32859¢3
de=T 4 (12c42)26 4+ (38c+18) =5 123009¢2 4 9293¢ + 1698) ,
(1,3) | +(E0ek32) 0 (4Rt 2 <7 (2e50)2 Ag = 196608(c + 1)* (32¢? + 19¢ +17)
A7 = 393216(c + 1)* 53233 +211c% + 131c + 102) .
A, = 18c + 4, Ay = 476¢2 + 324c + 72,
Az =8 (1384c3 +1881¢2 + 1071c + 238) ,
Ay = 128 (1497¢* + 30313 + 2961c2 + 1557¢ + 346) ,
As = 768 (3456¢® + 9015¢* + 11417¢3 + 9135¢2
4c274+(18c+4) 20+ (38c+18) 25 +4491c + 998) ,
(1,5) +(52C+38)z4i§gfi;gfgiz+(260+48>zz Ag = 5308416(c 4 1)* (3c2 +ec+ 2) ,
Ay = 31850496(c + 1) (302 Yot 2) .
A1 = 26c+6, Ay = 12 (65c2 +42¢ + 9) ;
Ag =48 (208c3 +373¢2 + 266¢ + 69) ,
4027 4(26¢+6)25 +(38c+18) =5 Ay = 4608(c + 1)? (33 + 56c + 25)
(1,6) +(52c+48)z41(<§§g§)22>i+(18c+3s)z2 As = 18432(c + 1)2 (664c3 +169¢2 + 160c + 53) ,
Ag = 7077888(c + 1)8, A7 = 28311552(c + 1)6.
Ap =12c+2, Ap =4 (69c2 4 Bde + 13) ,
A3z =8 (1329c3 4 1788¢2 + 933¢ + 182) ,
Ay = 768 (53c4 + 10263 + 98¢2 + Bdc + 13) ,
6274 (12042) =0 4 (480426) As = 1536 (325¢5 + 492¢* + 3943 + 474c2
(2,3) +(500432) 24 +(38c+52) 234 (32¢+50) 22 +421c + 134), N 4
+(4c+18)z+(2¢+12) Ag = 589824(c — 1)“(c + 1),
Ay =1179648(c — 1)%(c + 1)*(c + 6).
A1 =18c 4, Ay =8 (69c2 1 Bde + 13) ,
Ag =48 (400c3 +561c2 + 310¢ + 65) ,
Ay = 3072 (53c4 + 10263 + 98¢2 + Bdc + 13) ,
6cz7+(i8c+4>z6+<4§c+26)z5 ) Ag = 18432 (64c5 +69¢4 4 14¢3 + 542 + 86¢ + 33) ,
(2,5) | F(52ed58)z Iéffﬂgfz)iaﬂ%cﬂg)z Ag = 4718592(c — 1)2(c + 1)%,
A7 = 28311552(c — 1) (c + 1)%.
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(4, 5) H; j(2) Ap(H; j(2)
Ay = 26c+ 6, Ao = 52 (18c2 +13¢ + 3) ;
Az =8 (3224c3 4+ 4956¢2 + 3042¢ + 702) ,
Ay = 128 (2842¢* + 7605¢3 + 9009¢? + 5239¢ + 1209) ,
As = 512 (5184c® 4 17990c* + 31707¢3 + 3289502
6c27 4+ (26c+6)20 4 (48c+26)2° +18473c¢ + 4263) ,
(2,6) +(52C+48>z4jr'(<jfﬂgfz)i+(18”38)22 Ag = 5308416(c + 1)% (2(:2 +e+ 3) ,
A7 =21233664(c + 1)* (262 + ¢ +3) .
Ap =18c+4, Ap =4 (69c2 1 5de + 13) ,
Az =24 (400&” +561c2 + 310¢ + 65) ;
(12642)27 4+ (186-44) 26 4 (50043225 Ay = 768 (53c4 4+ 102¢3 + 98¢? + 5dc + 13) ,
(3,5) +(52u+38>241((30214{25;Jz)i?;+(26c+48>z2 As = 4608 (64c® + 69c* + 143 + 54c? + 86¢ + 33)
) Ag = 589824(c — 1)2(c + 1)*, A7 = 3538944(c — 1)?(c + 1)*.
A = 26c + 6, Ay = 676c2 + 452¢ + 96,
As =16 (1196c3 4 1641c? + 929¢ + 204) ,
Ay = 128 (1345¢* 4 3481¢3 + 40712 + 2359¢ + 544) ,
As = 512 (3264c® 4+ 12179¢* + 220913 + 22581c2
(12¢42) 27+ (26¢+6) 20+ (50c+32) 25 +12245¢ 4 2720) ,
(3.6) +(520+48)Z4I((§fﬁ§)02i+“86%8)22 Ag = 196608 (c + 1)* §17c2 + 19¢ + 32; )
Ay = 786432(c + 1)* (17¢2 + 19¢ + 32) .
AL =26c+6, Ay =4 (104c2 +57c+ 9) }
As =16 (780c3 + 804c2 + 337c + 57) ,
Ay = 128 (384c* + 973¢% 4 1029¢2 + 519¢ + 103) ,
(18c+4) =7 +(26046)z0 4 (52¢+38) =" As = 512 (1728¢% 4 6720c* + 11147¢3 + 96512
(5,6) +(52c+48)z4+(2fg:rii)23+(18c+38)z2 143056 + 785)
Ag = 196608(c 4 1)°, Ay = 786432(c + 1)°.
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